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The object of this paper is to determine the minimum possible number of 
edges for a graph of order n and diameter at most four having the property 
that by suppressing any vertex the subgraph obtained has diameter at most 
h > 4. Results for X > 6 will be proved. 
1. 1NTRo~ucT10N 
The theory of communication networks motivated the following graph 
theoretical problem, which was proposed by Vijayan and Murty [7]. A 
graph is called k-accessible if the diameter of the graph is at most k. The 
problem is to determine the least number of edges of a k-accessible graph 
having the property that after suppressing any s vertices or s edges the 
graph obtained is h-accessible (h 3 k). 
Using the notation of [3,4] we let G&z, k, h, s) denote the class of 
k-accessible graphs on n vertices having the property that by suppressing 
any s or fewer vertices the subgraphs obtained are X-accessible. The 
minimum possible number of edges within the class G&z, k, A, s) will be 
denoted by M&r, k, X, s). Similarly the class G&r, k, X, s) consists of those 
k-accessible graphs on it vertices having the property that by suppressing 
any s or fewer edges the partial graphs obtained are h-accessible. The 
minimum possible number of edges within the class GE(n, k, X, s) will be 
denoted by M,(n, k, X, s). The graphs with minimal number of edges 
within these classes will be called extremal graphs. 
So far the problem has only been solved for a few cases. In [6, 71 Murty 
studied the case k = X = 2. In [4-61 he studied the case k = 3, h 2 3, 
and s = 1. The case k = 3 and s = 1 was studied by Bollobas in [2, 31. 
In [3] Bollobas stated some conjectures concerning the functions 
M&r, k, h, 1) and M,(n, k, h, 1). We restate conjectures 1 and 2 of that 
paper in the following form. 
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M&, k, 4 1) = n + [(n - k - W(k - 111, for h>2k-1; 
= n + Kn - 9 - 3YEm for h = 2k - 2; 
= n + bd3~1 + Cl, for X -=c 2k - 2, 
where c is a constant. The object of this paper is to prove this conjecture 
for the case k = 4 and ,I > 6. The proofs given in the next section are 
closely modeled on the proof in [2]. As only the class Gr will be studied 
here, the subscript V will be omitted in what follows. 
2. MAIN THEOREMS 
Denote by M 3m-1 the following graph (m 3 3): the vertices are 
x1 , xz ,..., x3,+1 and the graph contains the edges xlxgi , x,~x,~+, , 
x,~+~x~~+~ , and x,~+,x, for i = 1, 2 ,..., m - 1. The graphs Mi=, Mgm, Mi%, 
Mi”, Mim, and Mi”’ are obtained from MS-l by adding the vertex x,, 
together with the edges xlxSln, xgmx2, the edges x,x,, , x~~x~, the edges 
x,x,, , x,,x, , the edges x,x,, , xamx5 , the edges x,x,, , x,,x, , and the 
edges x3x3,,, , xQnax, , respectively. 
The graphs Mfm+‘, M,Sm+‘, and Mirn+’ are obtained from M3”-l by 
adding the vertices x,, and xQm+l together with the edges x,x,, , x,,x,,+, , 
x3m+l~Z, the edges x1x3,,, , x3mx3m+l , x3m+l~S, and the edges x,x,,,, , 
xs,xSm+r , x,+,x, , respectrvely. Put N 3m-l= M3m-land @I+1 = Mj?m+l 
(j = 1,2, 3); furthermore denote by N3?n the following graph (m > 3): 
the vertices are x1, x2 ,..., x3,,, and the graph contains the edges xjxj+l, 
x~+~x~ for j = 1, 2, 3,..., 8 and the edges x1x3i+l , x3f+l~3i+2 , x,~+~x,~+, , 
and Xsi+,Xh for i = 4, 5, 6 ,..., m - 1. It is easily seen that M3*-l, Mf” 
(j = 1,2,..., 6) and Mf”+’ (j = 1,2, 3) belong to the class G(n, 4,6, 1) 
for it = 2 (mod 3), n = 0 (mod 3), and IZ = 1 (mod 3) respectively, and 
they have [(4n - 6)/3]l edges (see Fig. 1). Also the graphs N3m-1, N3m, and 
M” M; M; 
FIGURE 1 
1 [xl denotes the integer part of x. 
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FIGURE 2 
N!“+l (j = 1,2,3) belong to the class G(n, 4, h, l), X 3 7, for n = 2 
(mod 3), n = 0 (mod 3), and n = 1 (mod 3) respectively, and they have 
[(4n - 7)/3] edges (see Figs. 1, 2). It will be proved that these are the best 
possible constructions. We shall firstly prove the following lemma, 
LEMMA. For h > 6, the extremal graphs of G(n, 4, h, 1) contain at least 
one vertex of degree 2 that has at least one vertex at distance four from it. 
Proof. Let G be a graph of G(n, 4, h, l), h 3 6 with M(n, 4, h, 1) = M 
edges. G is connected and has no vertex of articulation, since if it had, by 
omitting it the graph obtained would be disconnected. So every vertex 
of G has degree at least 2. As M < [(4n - 7)/3] < 4n/3 there exists at 
least one vertex of degree 2. Suppose a is one of these and 01 is connected 
to x and y. Let X denote the set of vertices of G - {a} that are connected 
to x. Similarly Y denotes the set of vertices of G - {a!} that are connected 
toy. Let R denote those vertices of G - {x, v> that are connected to vertices 
in X u Y. Put S = G - a: - x - y - (X u Y) - R. Claim that in the 
extremal case S # 0 for at least one 01. Suppose not, i.e., S = 0 for all 01. 
Denote the components of R by R, , R, ,..., R, . Let A denote the maximal 
subset of X u Y spanning a subgraph without an isolated vertex. Let 
U = X u Y - A - (X n Y). Let ri denote the number of vertices of Ri , 
ei the number of edges. The number of edges connecting a vertex of Ri 
with a vertex of X u Y will be denoted by fi . Let Vi be the set of those 
vertices of U which are connected to Ri , and put I Ui I 2 = ui . 
Two inequalities will now be proved for components R, , corresponding 
to different conditions, one of which holds for each Ri . 
2 1 S 1 denotes the number of elements (vertices) in S. 
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(1) If no edge connects a vertex of R, to a vertex of A U (X n Y), then 
ei +fi 3 (4/3) ri + (%/3). (1) 
As each vertex of Ri is connected to X U Y we obviously must have 
h > ri and A > ui . Ri is a component of R, so it is connected and hence 
ei 3 ri - 1. Adding the first, twice the second and three times the third 
inequalities, the inequality 
ei +f;: 2 (4/3) ri + (ui - I)/3 + (ui - 2)/3 
is obtained. 
Now when ui > 3 this gives us (l), as Ui >, 2 we only need to consider 
the case ui = 2 in which case we have the inequality 
ei + .fi 2 (4/3) ri + (4 - 1)/3. (2) 
Equality in (2) can only hold when ri = 2, in which case we must have 
1 X 1 == ) Y 1 = 1 for else there exists a vertex of degree 2 that has vertices 
at distance four from it, thus contradicting the assumption that S = o. 
But then G has diameter at most three and hence [2, Theorem 21 G has at 
least [3n/2] - 2 edges in which case G cannot be extremal. Thus in the 
extremal case equality in (2) cannot hold, proving inequality (1). 
(2) If Ri contains a vertex connected with a vertex of A u (X n I’), 
then 
ei +fi > (4/3) ri + (k/3). (3) 
To prove this, the proof of inequality (1) can be repeated almost without 
change (here we have fi > ui + 1). ,Having obtained inequalities (1) and 
(3) we now show that under the assumption that S is empty M > 
[(4n - 6)/3] which gives the required contradiction. 
PutIUI=u,/Au(XnY)j=aandIRI=r.Itcanbesupposed 
that components RI, R, ,..., Rj satisfy condition (1) above and com- 
ponents Rj+l , Rj+* ,..., R, satisfy condition (2) above. 
If component R, (1 < i < j) has a vertex of degree 2 then CJ~ n U, 
cannot be empty as every vertex of degree 2 must be connected by a path 
of length at most three to any vertex of Rl . If on the other hand Ri 
does not have a vertex of degree 2 then clearly we must have strict 
inequality in (1). 
The subgraph spanned by A has at least I A l/2 edges, hence by simply 
counting the number of edges: 
M > 2 + u + (Wa + i (ei + A>. 
i=l 
(4) 
108 L. CACCETTA 
Ifj = p then (4) and (1) together with the above comment give: 
h4 > 2 + u + (3/2)a + i ((4/3) ri + (k/3)) 
i=l 
2 2 + (4/3)(a + u + r) = 2 + (4/3)@7 - 3) = (4n - W3 
Ifj < p then (4), (l), and (3) give 
M > 2 + u + (3/2)~ + i ((4/3) ri + (UC/~)) f i ((4/3) ri + (%/3)) 
i=l i=i+l 
2 2 + u + (312)~ + (4/V + (u/3) 
> 2 + (4/3)(a + u + r) = 2 + (4/3)(n - 3) = (4n - 6)/3 
This completes the proof of the lemma. 
THEOREM 1. Zf n 3 7 and h > 7, then M(n, 4, A, 1) = [(4n - 7)/3]. 
Proof. We have already observed by construction that M(n, 4, A, 1) < 
[(4n - 7)/3], so it is sufficient to prove the opposite inequality. 
We shall use induction on n, though it is not essential, only it helps to 
avoid a few cases. 
The theorem is true for n = 7. Suppose it is true for at least 7 and at 
most n - 1 vertices. 
Let G be a graph of G(n, 4, A, l), h 3 7, with M(n, 4, A, 1) = M edges. 
By the lemma G has at least one vertex of degree 2. Suppose 01 is one of 
these and 01 is connected to x and y. 
If G contains the edge xy, the subgraph obtained by suppressing the 
vertex CY. belongs to the class G(n - 1, 4, h, 1) and has M - 2 edges, 
hence by our inductional hypothesis 
M - 2 3 [(4(n - 1) - 7)/3], so M 2 [(4n - 7)/31, 
which is the required inequality. 
If the vertices x and y are not connected, then by omitting the vertex 01 
and adding the edge xy, the graph obtained belongs to the class 
G(n - 1,4, A, 1) and has A4 - 1 edges. Hence by our inductional 
hypothesis 
A4 - 1 3 [(4(n - 1) - 7)/3], so M > [(4n - 8)/3]. 
Provided n # 1 (mod 3) this is exactly the required inequality, so in the 
following we can suppose that 12 = 1 (mod 3), i.e., IZ = 3m + 1. 
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If there are at least two more vertices, different from (Y, connected to x 
and y then it can easily be shown that the graph obtained by deleting the 
vertex cy belongs to G(n - 1,4, h, 1). Consequently 
M > [(4(n - 1) - 7)/31 + 2 z [(4n - 7)/31, 
so it can be supposed that G does not contain two such vertices. On the 
other hand if G contains another vertex fl say, joined to x and y then the 
subgraph obtained by suppressing LY. and /3 and adding the edge xy 
belongs to G(n - 2,4, A, 1) and has A4 - 3 edges. Hence M - 3 > 
[(4(n - 2) - 7)/3], so M > [(4?2 - 7)/3]. 
Thus we can assume that 01 is the only vertex connected to x and y. 
In fact we can assume that G has no rectangles. 
Take X, Y, A, and S as in the proof of the lemma. Further, let Rx denote 
those vertices of G - {x} that are connected to X only. Similarly Ru 
denotes those vertices of G - (y} that are connected to Y only. Let 
Rxu denote those vertices of G that are connected to both X and Y. Put 
R = Rx u RY u Rxu . Let B denote the set of vertices of X u Y that are 
incident to Rxr . Let U = (X U Y) - (A U B). Let V denote the maximal 
subset of Rx u RY , spanning a subgraph in G. 
FIGURE 3 
By the lemma it follows that S f 0. Let S, , S, ,..., SI, denote the 
components of S. Let si denote the number of vertices of Si , e, the number 
of edges. The number of edges connecting the vertices of Si to vertices of R 
is denoted by gi . Let Zi be the set of those vertices of Rx U RY that are 
connected to Si , put 1 Zi 1 = zt . The number of edges connecting vertices 
of Zi to vertices of X U Y is denoted by fi . Let Vi be the set of those 
vertices of U that are connected to vertices of Zi , put [ Vi j = ui . 
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Two inequalities will now be proved for components S, , corresponding 
to different conditions, one of which holds for each Si . 
(1) If no edge connects a vertex of Si to a vertex of Rxy , then 
ei + gj + fi 3 (4/3) si + (4/3) ;i + k/3) - 1. (5) 
The diameter of G is at most four, and so each vertex of Si is connected 
to Rx U RY , since there must be a path of length at most four between cx 
and the vertices of Si . Consequently gi 3 si and obviously gi > zi . 
ClearIy by the definition of R we must also have fi > zi and obviously 
fi 3 ui . Si is a component of S, so it is connected and hence et > Si - 1. 
Adding double the first three, the fourth and three times the fifth in- 
equalities, the inequality (5) is obtained. 
(2) If Si contains a vertex connected with a vertex of Rxu , then 
ei + fi + & >, (4/3) Si + (4/3) Zi + (Ui - 1)/3. (6) 
To prove this, the proof of inequality (5) can be repeated almost without 
change, the only difference being that here gi > zi + 1 (which gives us 
the additional 213 of an edge). 
Having obtained inequalities (5) and (6) we will now consider those 
components of S that are contained in a connected component of S u Z. 
Suppose that components S, and S, satisfy condition (1) above and 
components S, and S, satisfy condition (2) above, we then have: 
(a) If either Z, n Z, # o or there exists at least one edge con- 
necting a vertex of Z, to a vertex of 2, then (5) holds for S(1z2) = S, u S, . 
From (5) we have 
e,+g,+f, >~s~+;z~++- i 
for component S, and 
e2 + g, t-f, 3 is2 + i z2 + ? - i 
for component S, . Adding these two inequalities we get 
(el + e2> + (81 + gz> + (fi + fi) 
Ul + u2 
t f bl + s-2) + ;o, + 22) + -j-- - 
2 
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which gives 
4 2 + 4 
fk2 + gl,z +A2 + P 2 i c2 + 4 (.x2 + P) + --y- sp--2 
wherep=1Z,nZ,I,q=IU,nU,/>p,~isthenumberofedges 
joining vertices of Z, to Z,, s1,2 = I S, U S, 1, z1,2 = I Zl U Z2 I, z41,2 = 
I ul u u2 I, and elv2, gls2, and fi,2 are appropriately defined. 
Hence 
k + a,, +.k2 >, 4s,., + 4zls2 + y - 1 + (+ + p - 1). 
(7) 
Clearly if p = q = 0 and so p > 1 we then have the required inequality 
for St1,2) , so suppose p = 0, p 2 1, and q > 1. We will now show that 
in this case either p + q > 3 or p + q = 2 and (7) holds with strict 
inequality. Obviously if p > 2 then p + q 2 3 as q 2 p, hence only need 
to consider the case p = q = 1, in which case we will show that (7) must 
hold with strict inequality. If either s, = 1 or s2 = 1 then obviously we 
must have strict inequality in (7), so suppose that sl > 1 and s2 > 1. 
Let {a, b) and {c, d} denote two adjacent vertices in S, and S, respectively. 
FIGURE 4 
Further suppose that the vertices b and c are connected to a common 
vertex u in Z, u Z, , and edges au and dw are adjacent to the vertices u 
and d (see Fig. 4). As the diameter of G is at most four the vertices u and w  
must be both joined to some vertex in U, n U, , for else the distance 
between vertices a and w  would exceed four (as p = 0 here). Hence q > 1. 
So the only time q = 1 is when at least one of s1 or s2 is one in which case 
we have strict inequality in (7). So (7) can be written as 
e1.2 + g,,, +fi.2 > : sls2 + 4 z1,2 + y - 1, (8) 
which is the required inequality. 
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(b) If either 2, n Z, + o or there exists at least one edge con- 
necting a vertex of Z, to a vertex of Z, then (6) holds for S(3,4) = S, u S, . 
This can easily be proved by applying an argument similar to that used 
in the proof of (a) above. In fact here we have (6) holding with strict 
inequality for SC~,~) .
(c) If either Z, n Z, # ia or there exists at least one edge con- 
necting a vertex of Z, to a vertex of Z, then (6) holds for SC~,~) = S, u S, . 
To prove this, the proof of (a) above can be repeated almost without 
change. 
As a consequence of (a), (b), and (c) above we can assume that any 
two components Si and Sj of S are such that Zi n Zj = o and there is 
no edge connecting a vertex of Zi to a vertex of Zj , for else we can form 
S(i,i) = Si v Si and think of S(i,j) as one component. 
Suppose the notation is such that condition (1) holds for the components 
SI , s, ,..., S, , and condition (2) holds for Sr+r , S1+, ,..., Sk (0 < I < k). 
We will now prove that equality in (5) can hold for at most one of the 
components S, , S, ,..., Sz . For component Si (I < i < I), equality in (5) 
can only hold when ei = Si - 1 and gi = Si = .zi = fi = pi , i.e., when 
Si is a tree, each vertex of which is connected to exactly one vertex of Zi 
and this vertex belongs to RX u Ry , furthermore each vertex of Zi is 
connected to exactly one vertex of X u Y and this vertex belongs to U. 
Suppose that Si and Sj (1 < i < j < I) are any two components for which 
equality in (5) holds, then clearly we must have Si 3 2 and Sj 3 2. 
FIGURE 5 
Let {a, b} and {c, d} respectively denote any two adjacent vertices in Si 
and Sj . The edges au, bv, cw, and dt are adjacent to a, b, c, and d, the 
vertices u, v E Zi and w, t E Zj (see Fig. 5). As the vertices b and c must be 
joined by a path of length at most four, v and w  must be joined to a 
common vertex e say, in X u Y. Furthermore, the vertices a and c must be 
joined by a path of length at most four hence either the vertex u is joined 
to e or at least one c or w  is of degree at least three, in either case we have 
a contradiction. Hence equality in (5) can hold for at most one component 
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of S. Suppose that if equality in (5) holds it does so for component S, , 
we can now replace (5) by 
and 
u. - 2 ei+gi+fi >iSi+fZi++ for i = 2, 3 ,..., 1. (9) 
Let V, be the subset of V which consists of those vertices that are not 
connected to vertices of S. Clearly every vertex of VI is connected to some 
vertex in X u Y. Furthermore every vertex of V, is either in a component 
that is connected to some vertex of Rx U Rr - V, or it is connected to 
some other vertex of V, . Let U, denote those vertices of U that are 
connected to vertices in VI only, then it is easily seen that the subgraph 
generated by VI u U, must have at least (l/3) I U, [ + (4/3) 1 V, 1 
edges. 
Let 17, = U - U, and V, = V - VI . Put 1 A j = a, 1 B / = b, 
IUI=u, I~I/==~l, IU2/==&, IVI=fJ, IvIl=Q, I~2l=uz, 
I S I = s, I 2 I = z, I R I = r, I Rx I = Y, , I RY I = ry , and I Rxu I = rsu . 
As any vertex of Si is connected by a path of length at most four to any 
vertex of Sj , Ui n Vi cannot be empty. Furthermore for 1 < i < I we 
have 1 Vi n U, / 3 2 (could have 1 Ui n U, I = 1, but then we would 
have strict inequality in (9), so we may as well suppose [ Vi n Uj I > 2 
holds). Consequently 
and 
2 + i 04 - 2) b 4 if 1 = k, (10) 
i=l 
l+ i(Ui-2)+ f (Ui-l)>Uz if i < k. (11) 
i=l id.+1 
The subgraph spanned by A contains at least (u/2) edges and the 
subgraph spanned by B u Rxu contains at least (b/3) + (4/3) rzv edges. 
Putting C = A u B, the subgraph spanned by C u Rxu contains at least 
(c/3) + (4/3) rzy edges where c = 1 C 1, hence by simply counting the 
number of edges: 
M~2+u,+u2+c+~+~r.,+~+4v,+ i(er+gi+fi). 
i=l 
(12) 
114 L. CACCETTA 
If 1 = k, the inequalities (9), (lo), and (12) give 
M>2+u,+c+f+ir,, 
u. - 2 +i$l(;si+;Zi+y) -f 
242-Z 1 
>2+u2+~c+~r,,+~(ul+v1)+~s+~zfT---- 3 
4n - 9 =2+4(U+c+r+S)-l=l++(n-3)=7 
for z4 = zil + uz , r = r,,, + v1 + z, and u + c + r + s = n - 3. As M 
is an integer and n = 1 (mod 3) then M > (4n - 7)/3 also holds. 
In the case I < k by the application of the inequalities (6), (1 l), and (12) 
we obtain 
M 2 2 + u2 + c + g + 4 rzr + 4 (ul + rl> 
ll. - 2 
+i$(;%+;zi++) 
IA- 1 
+ iE$+l (i si + t zi + *) - i 
>2+u,+~c+~rzu+~ 
4 4 2 
(U,+Z’l)+-S+-z+~-- 
3 3 33 
=2+$+ rm?, + 4 + u1 + cl + z + s) - ? 
-2+i(u+c+r+s) 
=2+f!(n-3)-~=?!+I-ta 
As M is an integer and n = 1 (mod 3) then M 3 (4n - 7)/3 also holds. 
This completes the proof of Theorem 1. 
Using an argument analogous to that in [2] we can prove that (5) holds 
with strict inequality for the case h = 6. So replacing (9) by 
u. - 2 
ei+gi+fg 34Si+iZi++ 
in the proof of Theorem 1 we can prove the following Theorem. 
THEOREM 2. For n > 6, M(n, 4, 6, 1) = [(4n - 6)/3]. 
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